We obtain scalar hairy black holes from Einstein-Maxwell-conformally coupled scalar (EMCS) theory with the scalar coupling parameter α to the Maxwell term. In case of α = 0, the α = 0 EMCS theory provides constant (charged) scalar hairy black hole and charged BBMB (Bocharova-Bronnikov-Melnikov-Bekenstein) black hole where the former is stable against full perturbations, while the latter remains unstable because it belongs to an extremal black hole. It is noted that for α = 0, the unstable Reissner-Nordström black holes without scalar hair imply infinite branches of n = 0(α ≥ 8.019), 1(α ≥ 40.84), 2(α ≥ 99.89), · · · scalarized charged black holes.
Introduction
No-hair theorem implies that a black hole is completely described by the mass M, electric charge Q, and angular momentum J [1] . Outside the horizon, Maxwell and gravitational fields satisfy the Gauss-law.
A minimally coupled scalar does not obey the Gauss-law and thus, a black hole cannot have a scalar hair [2] . The scalar-tensor theories admitting other than the Einstein gravity are rather rare. However, considering the Einstein-conformally coupled scalar theory leads to a secondary scalar hair around the BBMB black hole although the scalar hair blows up on the horizon [3, 4] . This was considered as the first counterexample to the no-hair conjecture for black holes. On 1991, Xanthopoulos and Zannias have pointed out that the BBMB black hole is the unique static and asymptotically flat solution to the Einsteinconformally coupled scalar theory [5] . It may remain an open problem that could be resolved numerically determining the exact nature of the BBMB solution. Very recently, adding the Weyl squared term to this action lead to a non-BBMB black hole solution with a primary scalar hair where we found the BBMB black hole solution numerically when turning off the Weyl squared term [6] .
On the other hand, recently, scalarized (charged) black holes were found from the Einstein-Gauss-Bonnet-Scalar (EGBS) theory [7, 8, 9] (Einstein-Maxwell-Scalar (EMS) theory [10] ) by introducing the quadratic and exponential couplings of a scalar to the GaussBonnet term f (φ)G (Maxwell term f (φ)F 2 ). In these models, we mention that the scalar is minimally coupled to the metric tensor. In this approach of spontaneous scalarization, the linearized scalar equation around the unstable black hole without scalar hair is important to determine infinite branches of the n = 0, 1, 2, · · · scalarized (charged) black holes.
In this work, we wish to introduce a combined model of Einstein-Maxwell-conformally coupled scalar (EMCS) theory to obtain various scalarized charged black holes. In case of α = 0, the EMCS theory without scalar coupling (namely, α = 0 EMCS theory) provides constant scalar hairy (charged) black hole and charged BBMB (Bocharova-BronnikovMelnikov-Bekenstein) black hole. We show that the former is stable against full perturbations. We mention that the latter remains unstable because it belongs to an extremal black hole [11] . For α = 0, it is interesting to note that the unstable Reissner-Nordström (RN) black holes without scalar hair imply the appearance of n = 0(α ≥ 8.019), 1(α ≥ 40.84), 2(α ≥ 99.89), · · · scalarized charged black holes, as was shown in the EMS the-ory [12] . Importantly, for α > 0, we obtain single branch of scalarized charged black hole based on the constant scalar hairy black hole. Finally, we show that the allowed black hole is the charged BBMB black hole numerically in the α = 0 EMCS theory when imposing the asymptotically flat condition.
EMCS theory
We start with the Einstein-Maxwell-conformally coupled scalar (EMCS) theory whose action is given by
where f (φ) = 1 + αφ 2 includes 'αφ 2 ' (quadratic scalar coupling term with coupling parameter α) and the last term corresponds to the conformally coupled scalar action with parameter β. In the limit of α → 0, the above action recovers the α = 0 EMCS theory.
It was found by Bekenstein [4] that a solution (ĝ µν ,Â µ ,φ) of Einstein-Maxwell-minimally coupled scalar theory could be mapped to a solution (g µν , A µ , φ) to the α = 0 EMCS theory by the conformal transformations:
µν . Using this transformation, Bekenstein has discovered the charged BBMB black hole [13] . Also, Astorino [14] has recently found the constant scalar hairy black hole solution [14] . In this work, we choose β = 1/3 and G = 1 for simplicity.
We derive the Einstein equation from (1)
where the Einstein tensor is given by G µν = R µν − Rg µν /2. The energy-momentum tensors for Maxwell theory and conformally coupled scalar theory are defined by
where we observe the traceless condition of T Mµ µ = 0. The Maxwell equation takes the form
Finally, the scalar equation is given by
Taking the trace of the Einstein equation (2) together with (5) leads to a non-vanishing Ricci scalar as
Making use of (6), one obtains the scalar equation
In case of α = 0, Eq. (7) leads to a massless minimally coupled equation (∇ 2 φ = 0).
3 α = 0 EMCS theory
Black hole solutions
In this case, four equations of motion are obtained from the α = 0 EMCS theory
We find a constant scalar hairy (charged) black hole given by [14] 
which are derived from solving the background equation ofḠ µν = 2T
Here β = κ/6 = 4πG/3. The positions of outer and inner horizons are given by r ± = m ± m 2 − Q 2 − Q 2 s . This black hole has a primary scalar hair and its geometry is similar to a non-extremal RN black hole except that the position of the horizon is shifted by the presence of the scalar charge Q s . However, we wish to point out thatφ depends on both Q s and Q, implying that it is not strictly a primary hair. Its thermodynamics was well established when replacing the Newtonian constant G = 3β/(4π) = 1 with the effective constantG = G(Q 2 + Q . The ADM mass and entropy go to zero when the charge Q approaches zero. This suggests that the constant scalar hairy black hole cannot radiate away its charge Q and settle down to a constant scalar hairy black hole (uncharged). In other words, one could not find a constant scalar black hole from the Einstein-conformally coupled scalar theory and thus, the BBMB solution is the only scalar hair black hole [3, 4] . The stability of the constant scalar hair black hole will be explored in the next section.
Before we proceed, it is interesting to mention the other solution named by the charged BBMB black hole for α = 0 [4]
where m is the mass of the black hole. Here, the scalar hairφ is still the solution tō
This line element takes the same form as in the extremal RN black hole, but the scalar hair blows up at the horizon r = m and it belongs to the secondary hair. It was shown forth years ago that this black hole is unstable against the scalar perturbation [11] probably since it belongs to an extremal RN black hole [15] .
Stability of constant scalar hairy black hole
In the α = 0 EMCS theory, all perturbations are introduced as
Substituting (11) into Eqs. (2), (4), and (7) together with α = 0, their linearized equations around (9) are given by
where
We note that Eq. (12) becomes a coupled tensor-vector-scalar equation. Also, it is important to note that the scalar perturbation δT φ µν (h, ϕ) contributes to the polar sector only. Since the odd sector is the same as that for the EMS theory [16] , we do not consider the odd sector here. We may expand the metric perturbation h µν in terms of tensor spherical harmonics by choosing the Regge-Wheeler gauge. For our purpose, we introduce four tensor modes (H 0 , H 1 , H 2 , K), two vector modes (u 1 , u 2 ), and single scalar mode δφ 1 in
for polar sector [16] . In this case, the polar sector of Eqs. (12)- (14) is given by six coupled equations as
where H 2 (r) = H 0 (r) and f 01 (r) = iωf 12 (r) + f ′ 02 (r) with f 12 = u 2 /rN and f 01 = u 1 /r. The full analysis of stability could be performed by obtaining quasinormal frequency ω = ω r + iω i for physically propagating modes when solving the above linearized equations with boundary conditions: ingoing modes at the outer horizon and purely outgoing modes at infinity. If all ω i are negative (no exponentially growing modes), the considering black hole is stable against all physically propagating modes. Otherwise, the black hole is unstable.
We will compute the lowest quasinormal modes around the constant scalar hairy black hole by making use of a direct-integration method. Interestingly, the polar l = 2 case includes three physically propagating modes: scalar-led, vector-led, and gravitational-led. From For the EMCS theory, an allowed solution is given by the RN black hole without scalar hair
Here we would like to mention that the condition of zero scalar (φ = 0) is important to obtain the RN black hole solution. The new scalarized charged black holes may be found from the appearance of instability for the RN black hole without scalar hair.
The linearized equations around a non-extremal RN black hole background with q = Q/m = 0.7(Q = 0.35, m = 1/2, r + = 0.875) are given by considering the perturbations of tensor h µν , vector a µ , and scalar ϕ as
where the last scalar equation is important to analyze the stability of the black hole because the first-two equations correspond to the Einstein-Maxwell linearized theory which are turned out to be stable against tensor-vector perturbations around the non-extremal RN black hole background.
For the scalar perturbation, the separation of variables is introduced around a spherically symmetric RN background (22) as
Considering a tortoise coordinate r * defined by r * = dr/f (r), a radial scalar equation is given by
Here the scalar potential V u (r) is given by
The s(l = 0)-mode is an allowable mode for the scalar perturbation and thus, it could be used to test the instability of the RN black hole. In this case, the sign of the last term is important to find the stability of the RN black hole. If β < 0, the potential is positive definite, leading to the stable black hole. If the sign is positive (β > 0), it may induce a negative region outside the horizon, arriving at the unstable RN black hole. Hence, we choose β = 1/3 to use the previous results for the EMS theory [12] . In order to find scalarized charged black holes, one assumes the metric and fields
Substituting the above into Eqs. (2), (4), and (7), one finds four equations for m(r), δ(r), v(r), andφ(r):
2 + rδ ′ + 2rαφφ
where the prime ( ′ ) denotes differentiation with respect to r. Here, one has a relation
.
Accepting an outer horizon located at r = r + , one may introduce an approximate solution to (28)-(31) in the near-horizon
where the coefficients are determined by 
where the ADM mass M, the scalar charge Q s , and the electrostatic potential Φ are included. Importantly, we set φ ∞ to be zero without any ambiguity.
We may determine the infinitely numerical solutions labeled by n = 0(α ≥ 8.019), n = 1(α ≥ 40.84), n = 2(α ≥ 99.89), · · · scalarized charged black holes. Now, let us display n = 0, 1, 2 branches for black holes in terms of scalar hair φ 0 on the horizon in Fig. 2 .
Explicitly, we choose the horizon radius r + = 0.857 and electric charge Q = 0.35 to construct the n = 0 scalarized charged black hole with α = 65.25 shown in Fig. 3 . An interesting behavior is found from δ(r), compared to that in the EMS theory. It is noted that δ(r) in (37) takes a different form from δ(r) = 2Q 2 s /r 2 in the EMS theory [12] .
Scalarized black hole from constant scalar hairy black hole
Let us derive the scalarized charged black hole based on the constant scalar hairy black hole which is turned out be stable against all perturbations. In this case, even though the expansions in the near-horizon region are the same as (32)-(35), we find a differently approximate solution in the far-region, compared with (37) as
Here, we note that φ We observe that metric function and scalar hair are similar to those of the n = 0 scalarized charged black hole, whereas δ(r) is negative, opposite to positive for the n = 0 scalarized charged black hole in Fig. 3 . This arises because δ 0 = −7.3 × 10 −4 and δ(r) < 0 in (38).
Numerical charged BBMB black hole
Let us try to find another scalarized charged black holes based on the charged BBMB solution (10) . Taking into account metric and fields in (27), we consider the expansion in the near-horizon region as
where we introduceψ(r) = 1/φ(r) for a technical reason. Replacingφ(r) by 1/ψ(r), all equations (28)-(31) take the form
Substituting (39) into (40)- (43) leads to the lowest order equations
whose second and third equations imply
because of r + = 0 and v 1 = 0. This implies that the EMCS theory is not compatible with expansion (39) when deriving a scalarized extremal black hole like the charged BBMB solution. It needs to find out another expansion which is suitable for constructing scalarized black hole solution.
In this section, instead, we wish to derive the charged BBMB black hole solution (10) numerically by considering α = 0 case because it is important to determine the exact nature of the charged BBMB solution. The first three coefficients in the near-horizon region are determined by
which are not appropriate near-horizon forms for the charged BBMB black hole. In this approach, two free parameters δ 0 and ψ 1 will be determined when matching (39) 
which are not surely appropriate asymptotic forms for the charged BBMB black hole.
In deriving a numerical black hole solution, an important requirement is to impose the asymptotic flatness. Here we may choose δ 0 = 0 when considering the asymptotic boundary at r = ∞. Actually, we choose here δ 0 = 0.0001 because the asymptotic boundary is located at r = 100 for numerical computation. We make Table 1 which shows numerical relations (r + , ψ 1 , Q s , m, Q) for different r + with the same Q. Confirming three relations from Table 1 r + ≈ m, m ≈ Q 2 + Q 2 s , ψ 1 ≈
we read off correct coefficients in the α = 0 EMCS theory when requiring the asymptotic flatness. This implies that the charged BBMB solution dictates the feature of conformally coupled scalar system in the EMCS theory.
On the other hand, the EMS theory has provided infinite scalarized charged black holes based on the instability of RN black holes [10, 12] .
